We prove some results about the Hadwiger problem of nding the Helly number for line transversals of disjoint unit disks in the plane, and about its higher-dimensional generalization to hyperplane transversals of unit balls in d-dimensional Euclidean space. These include (a) a proof of the fact that the Helly number remains 5 even for arbitrarily large sets of disjoint unit disks|thus correcting a 40-year-old error; (b) a lower bound of d+3 on the Helly number for hyperplane transversals to suitably separated families of unit balls in R d ; and (c) a new proof of Danzer's theorem that the Helly number for unit disks in the plane is 5.
Introduction
In 1955, Hadwiger 11] posed the problem of determining the smallest number k with the property that if every collection of k members of a family of disks are met by a line; i.e., the problem of determining the so-called Helly number (if one exists) for line transversals to disjoint unit disks in the plane. He pointed out, by means of an example consisting of disks centered at the vertices of a regular pentagon and almost touching, that k = 4 would not su ce. It is this problem, along with its generalization to higher dimensions, that we consider in this paper.
Hadwiger's problem was solved two years later in the planar case by Danzer 3] , who gave an intricate case analysis to show that k = 5 works.
In 1958, in a paper in which he extended Danzer's result to parallelograms, Gr unbaum 9] asserted the following strengthened version of Danzer's theorem: \For families of disjoint, congruent circles containing at least six members, T (4) implies T ." (The notation T (k), which has since come to be widely used, means that every k members of the family have a (line) transversal; similarly, \T" means that all do.) He provided only an outline of the proof.
It turns out, however, that this assertion is incorrect: even for arbitrarily large families of unit disks, T (5) is necessary to get T . We give an example in Section 2 below. (This corrects an error that has become embedded in the literature during the past forty years; see 4], 5], and 7], for example.)
As Gr unbaum points out 10], this means that the situation is now much cleaner than before, in the following sense: In 9], he had conjectured that T (5) ) T for any family of disjoint translates of a compact convex set in the plane. This was nally proven in 1989 by Tverberg 14] , thus generalizing Danzer's theorem on unit disks. It appeared, however, that the circular disk was exceptional among all planar convex sets in that T (4) was su cient for T for its translates (in a family of su cient size). One sees now that this is not the case after all.
In 3], Danzer also considered brie y two variants of the problem in higher dimensions: one for line transversals of pairwise disjoint unit balls (which we will not touch on here), the other for hyperplane transversals. In the latter case he observed that in R 3 , no Helly number exists for pairwise disjoint unit balls.
In his example, however, the balls are permitted to have line transversals; it is this that allows the result to fail, just as the existence of a Helly number for line transversals in the plane would fail if the disks were permitted to have points in common | see 3] . As demonstrated in a number of recent papers 1, 2, 6, 8, 12, 13, 15] , the appropriate generalization of \pairwise disjoint," when considering k-dimensional transversals, is \(k?1)- It is this problem, of nding the Helly number for separated unit balls (and, more generally, for separated translates of a single compact convex set) that we set out initially to investigate. While we were unable to nd an upper bound for the Helly number, or even to prove that one exists in dimension greater than 2, we did discover a lower bound. This is presented in 
T (4) 6 ) T
The following example shows that T (4) does not su ce for T , even in the case of six or more disjoint unit disks.
Theorem 1 For each n 6, there exist n pairwise disjoint unit disks in R 2 such that any four have a common transversal but some ve do not. Proof: We rst describe the construction for n = 6, and then indicate how to extend it to n > 6.
Begin with six unit disks centered at (say) (0; 0), (3; 0), (10; 1), (12; 1). Then translate the fth and sixth up and down (resp.) a distance , for suitably small (:001 will do), and translate the third and fourth up and down (resp.) a distance 2 . Figure 1 We must show that these n + 1 balls satisfy all three conditions. (i) Proof: It is clear that if x 1 can be separated by a point x 2 L from x 2 and x 3 , then L can be rotated around x through an arbitrarily small angle, to a new position in which it is still meets every C i .
2
In the sequel, we will use the symbol L(C 1 ; : : : ; C n ) for the space of line transversals of the convex sets C 1 ; : : : ; C n . Lemma 2 Suppose convex bodies C 1 ; : : : ; C n , n 3, in R 2 have a common transversal, and x i 2 C i for each i. Let C i (t), t < 1, be the contraction of C i about x i by the factor t. If, for every positive t < 1, the convex sets C 1 (t); : : : ; C n (t) have no common transversal, then every connected component of L(C 1 ; : : : ; C n ) consists of a single line pinned by (at least) three of the sets C i .
Proof: If L belongs to a connected component of L(C 1 ; : : : ; C n ), and L supports two (or fewer) of the sets C i , then we can rotate L continuously, about an appropriate point, so that at each stage it cuts all the sets C i in their interiors. If L supports three of the sets C i but is not pinned by them, the same holds true. The conclusion follows. Proof: We begin by a reduction similar to that used by Tverberg in 14]. For each ordered triple (P; Q; R) of distinct points, we de ne d(P jQR) to be the distance from P to the line containing Q and R. If the points P 1 ; : : : ; P n are chosen generically, we can guarantee that no three of the points are collinear, and that d(P jQR) 6 = d(SjT U ) unless P = S and fQ; Rg = fT; U g.
We now separate out the following proposition.
Proposition 1 If, for some k 3, T (k) ) T (k + 1) for every set of n 5 pairwise disjoint unit disks, then T (k) ) T . Proof: Suppose there is a counterexample to the conclusion, consisting of unit disks with centers at P 1 ; : : : ; P n . So jP i P j j > 2 for all j 6 = i, any k disks have a common transversal, yet all n lack a common transversal. Enlarge the radius of each disk to 1+ , for suitable > 0. The disks are still pairwise disjoint, any k still have a common transversal, which we can now assume is not tangent to any of the disks, and all n still lack one. (For the last assertion, we may argue as follows: If, for a sequence i ! 0, all n disks have a common transversal, then by compactness there is a subsequence of transversals approaching a limit; this limit would then be a transversal to all of the original disks.) Now perturb the centers of the disks to some generic position. The resulting disks still satisfy the same three conditions. In addition, by the remark above, no three of the centers are collinear and the point-to-line distances de ned above are all distinct.
We now shrink the disks uniformly about their centers. The contracted system of disks still has the disjointness property, as well as the property that all n disks have no common transversal. At some point, however, the property that any k have a common transversal will cease to hold if we shrink any further, say for disks 1 ; : : : ; k with centers P 1 ; : : : ; P k (resp.). By Lemma 2, every component of the transversal space T ( 1 ; : : : ; k ) must consist of a single line, pinned by three of the disks. But by the genericity of the centers, this cannot happen simultaneously for more than one triple. Hence T ( 1 ; : : : ; k ) consists of just a single line L, pinned by (say) disks 1 ; 2 ; 3 . It follows that if we can show that 1 ; : : : ; k ; i have a common transversal for every i = k + 1; : : : ; n, this transversal must be L, from which it would follow that 1 ; : : : ; n all have a common transversal, namely L, yielding a contradiction. This shows that it is enough to prove the result for the case n = k + 1, i.e., to show that T (k) ) T (k + 1). 2
Now back to the proof of Theorem 3, which Proposition 1 shows is enough to carry out for the case n = 6. Suppose, then, that the line L, constructed as in Proposition 1, which is the unique common transversal of 1 ; 2 ; 3 ; 4 ; 5 , does not meet 6 . Without loss of generality, let us think of L as horizontal, with 1 tangent to L from below and 2 and 3 tangent to L from above; since the point of tangency of 1 lies strictly between the other two by Lemma 1, let us think of them as occurring in the left-to-right order 3 , 1 , 2 , as in Figure 3 .
By Theorem 1 of 15], whose planar case says that the lines meeting a planar family of disjoint convex sets in a particular order form a connected set, the space L( 1 ; 2 ; 3 ) consists of at most three connected components.
We consider three cases, depending on this number. Since L does not cut 6 , while L( 1 ; 2 ; 3 ; 4 ; 6 ) and L( 1 ; 2 ; 3 , 5 ; 6 ) are non-empty, it follows that 4 and 5 must meet lines in W 0 . Since 4 and 5 also meet L, and there is no room for them in the two (large) quadrants determined by L and L 0 occupied by 1 and 2 (here is one place where the fact that all the disks have the same size is used!), it follows that 4 and 5 each span one or the other of the small quadrants determined by L and L 0 , and in particular that they each meet L 0 , so that L 0 is a common transversal to 1 ; 2 ; 3 ; 4 ; 5 . This contradicts the assumption that the ve disks have L as their only transversal.
Case 3: L( 1 ; 2 ; 3 ) has precisely three components. This forces the disks 1 , 2 , and 3 to be close to each other, since now each lies between the other two along some line. Figure 5 shows two ways in which this can happen: (a) is a case in which 2 is practically on top of 1 , and (b) is a case in which 2 and 3 are symmetrically placed over 1 (a) can also occur with 2 and 3 reversed; we can ignore this case, by symmetry.) Notice that at most one of the two wedges W 0 and W 00 can contain a line close to L; this happens in (a) (and in the symmetric case where 1 is very close to 3 rather than to 2 ). Notice also that if 2 is moved to the right, and 3 to the left, the result will only be to make W 0 and W 00 smaller than shown in Figure 5 . it is only the positions of 2 and 3 that matter. We will show that every possible placement of 2 and 3 leads to a contradiction. For this, it is enough to imagine 2 and 3 very close together, since separating them will only shrink the wedges W 0 and W 00 , hence limit the possible placements of the remaining three disks.
If 2 is practically on top of 1 , as in Case 3a, the two wedges W 0 and W 00 may be close enough so that 6 can meet both in two distinct ways: either above 2 and 3 , or below 1 , as shown by the disks labeled 6 and 6 0 (respectively) in Figure 6a . But 4 and 5 must meet L, in addition to meeting W 0 (hence L 0 ) and W 00 (hence L 00 ) respectively. The This completes the proof.
Remark 1 If one is willing to assume T (6) in place of T (5) , then the proof of T (7), and hence of T , becomes even easier: One sees immediately that the arguments for Cases 1 and 2 remain identical, while in Case 3 the same reduction shows that it is su cient to consider the situation where W 0 (hence L 0 ) meets (say) 4 and 5 but not 6 , W 00 (hence L 00 ) meets 6 but not 4 or 5 , and both W 0 and W 00 meet 7 . But then 1 ; 2 ; 3 ; 4 ; 6 and 7 have no transversal, and we are done!
